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Abstract—This paper provides a thorough analysis of the
leakage inductance effects of an autotransformer, reconciling the
differences between the 3-winding “black box” assumption made
in factory short-circuit tests and the actual series, common, and
delta coils. An important new contribution is inclusion of the
leak age effects between coils and core and creating a topologically
correct point of connection for the core equivalent.
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I. INTRODUCTION
HIS methodology is developed to caculate

autotransformer coil reactances and formulate the inverse

|eakage inductance matrix. The formulation is based on short-
circuit impedance data typically provided in standard factory
test reports. Ultimately this leakage representation is being
incorporated into a new “hybrid” transformer model for
simulation of low- and mid-frequency transient behaviors[4].

The key advancement is to establish a topologically correct
point of attachement for the core. The resulting “N+1”
winding leakage representation cannot be directly produced by
the commonly used BCTRAN supporting routine of EMTP.

Therefore, it is useful to document the development of this
“N+1" leakage inductance representation, which also isin the
form of the [A] matrix (inverse inductance matrix [L]™) [1].
The elements that form this matrix include the effect of the
respective turns ratios between coils. The representation is of
the actual series, common, and delta coils, and not of the three-
winding “black box” equivalent typically assumed.

1. MODEL DEVELOPMENT

A. Short-circuit Test Data

In general, for an N-winding transformer, the per-phase
representation of the leakage reactances of the windings is a
fully-coupled N-node inductance network, as shown in Fig. 1.
[A] can be topologically constructed just as any noda
admittance matrix. The individual L™ leakage values can be
determined from binary short-circuit tests. In the special case
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of an autotransformer, or for a three-winding transformer in
general, [A] reduces to a simple three-node delta-connected
circuit. Common practice has been to convert this delta to a
wye or “star” equivalent for steady-state short-circuit or load-
flow calculations. This star equivalent often contains a
negative inductance at the medium voltage terminal, which can
be of concern for some transient simulations [ 2], [3].

Fig. 1. Short circuit representation for N-winding transformer.

Data typically available from factory short-circuit tests are:
Short-circuit impedances in %, MVA base of each winding,
and short-circuit lossesin kW.

In the leakage representation developed here as part of the
hybrid model [4], [5], short-circuit reactances and coil
resistances are separately represented, making it convenient to
work directly with [A] and its purely inductive effects. The
turns ratios of the coils can also be directly incorporated into
[A].

Leakage effects also exist between the core and the coils.
This is conceptualy dealt with by assuming a fictitious
infinitely-thin N+1" “coil” at the surface of the core. Fig. 2
shows the conceptual implementation of the N+1 winding flux
leakage model for the reduced case of a two winding
transformer. The reader is directed to Appendix B for
definitions of terminal labels and subscript notations.
Cylindrical coils are assumed, but this approach is generally
applicable for other coil configurations [9]. These core-to-coil
leakage effects are important for detailed models but are not
considered (or measured) in factory tests. The N+1" winding
serves as an attachment point for the core equivalent [4].



Low voltage
High voltage

Coil-to-coil
flux linkage

.

I L-CORE
Coil-to-core | !
flux linkages ‘ |
Ideal N+1th coil of Cl H-CORE
zero thickness, o
resting on surface T H
of core

Fig. 2. Conceptua implementation of N+1" winding flux |eakage model.

The generic black box equivalent does not represent the
actual series, common and delta coils of the autotransformer,
but rather assumes that the three windings are rated according
to respective terminal voltages and currents. However, for a
detailed model, the actual coil topology must be represented.
Thisisillustrated on a per-phase basisin Fig. 3.
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Fig. 3.Autotransformer configuratic;n and impedances of each coil.

The leakage reactances between the coils can be calculated
according to the flux linkages of Fig. 2 [9]. Since the fictitious
N+1" cail is interior to al other coils, leakage flux between
the core and coils will typically be more than that between the
innermost coil and other coils. Hence, (1)-(3) can be used to
describe the leakage reactances between core and the series,
common and delta coils respectively, where K represents the
additional effect of |eakage between innermost coil and core.
Note that the delta coil is assumed to be innermost, i.e. having
the least coil-to-core leakage of any coail. In general, (3) is
associated with the coil having minimum coil-to-core |eakage.

Xscore = (K +1) XX, + X D
Xccore = (K +1)xX, )
Xpcore = K *X¢p 3

Xge usudly is quite small since the series and common coils
are really one coil with atap point. Xy is the largest since the
series coil will have the highest voltage and insulation build-
up. Xcp is not quite as large, but significant, since there can be
extra insulation and barriers and oil duct space between the
delta and the medium-voltage winding. Leakages between
coils depend on the type of core (shell or core) and the coil
configuration  (cylindrical or pancake). As a first
approximation, K might be estimated as 0.5, if one assumes
that the innermost coil is aso the lowest voltage coil, with
modest coil-to-core insulation requirements. This rationae is
based on [9] and the flux linkage distributions of Fig. 2.

B. Caoail reactances

The methodology to calculate the autotransformer cail
reactances is presented here. This formulation is based on the
short-circuit reactive power that can be obtained from the
short-circuit losses. Results obtained are equal to another
approach by Dommel [1], but the derivation deals directly with
actual impedance values thus avoiding the complexities of
transforming per unit values according to the voltage and
MVA bases of the series, common and delta coils.

Three “binary” short-circuit tests are usualy performed for
the autotransformer (Figs. 4-6).
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Fig. 4. Per-phase short-circuit test H-L.
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with Qu. being the reactive power in this test, Qs the reactive
power corresponding to the series coil, and Q¢ the reactive
power corresponding to the common coil.
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Fig. 5. Per-phase short-circuit test H-T.
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Fig. 6. Per-phase short-circuit test L-T.

Short-circuit H-T (Fig. 5):
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The three equations with three unknowns (6), (9), and (12),
can be solved to find coil reactances as a function of reactive
powers and rated currents. Results are shown as follows:
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C. Short-circuit winding reactances
The star-delta transformation [1] is then applied to obtain
the delta equivalent for the three coils. Fig. 7 illustrates the

relationship between binary short-circuit test measurements
and the individual elements of the delta equivalent.
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Fig. 7. Calculation of short-circuit winding reactances.

These relationships for all three binary short-circuit tests
are given in (16)-(18). Reactances are in per unit using a
common MV A base and the voltage base of each coil.
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D. Admittance formulation

An admittance-type formulation is used to obtain [A]
directly from individua inverse inductances [6]. These inverse
inductances are analogous to transfer admittances. The circuit
in Fig. 8 represents the overall leakage inductance effects,
including the N+1" coil. Ideal transformers are used to
represent the turns ratios of the coils. Inverse inductance
values are referred to the lower voltage side in each case.

The methodologies of [1], [8], and [10] can be adapted to
obtain the [A] matrix, using the reactances Xg, X, Xcp
solved for from (16)-(18) and converted from per unit to actual
values. Inverse inductance values are simply w/X. Fig. 9
illustrates the contribution of turns ratios and individual
inverse inductances to [A]. Conceptualy this is a 22
submatrix whose elements are added into the appropriate row-



column positions of [A]. Parameters are calculated according
to (19), which can be derived via the same short-circuit
method used to obtain admittance matrix values. This
submatrix can also be visualized as a Pi-equivalent. The
resulting [A] is symmetric.
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Fig. 8. Admittance formulation for an autotransformer (fictitious winding is
included).
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Fig. 9. Incorporation of turns ratio, resulting Pi-equivalent, and contribution
each inverse inductance to [A].
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Algorithmically, [A] can be constructed using the methods
of [1]. For ageneral M” M case, the first step isto calculate the

reduced M-1xM-1 matrix L’;j'] , whose diagonal elements
can be obtained as

Llrle':)u = LSCiM pu (20)
and whose off-diagonal elements are
; 1
Lllfdpu = EX[L&JM pu + LSC,kM pu " L&,ik pu] . (21)

This matrix is symmetric and its elements can be obtained
directly from those calculated by means of (16)-(18).
To include al coils, the admittance matrix formulation will

be used. [L ] isfirstinverted
[AN]=[L3]"

Then, the M™ row and column are added to obtain the full
[A] matrix

(22)

’\/6-1

Ay pu =" a. Ay pu (23)
k=1
Né—l

(24)

aMMpu :-a. &y pu
i=1

To convert from per unit to the actual values required for
EMTP simulation, all elements of [A] are multiplied by the
common VA base, and each row and column i is multiplied by
V.

I11. ATPMODEL

The following autotransformer is implemented here as an
example:

240/240/63 MV A autotransformer
Wye-wye-delta autotransformer configuration
345GRY/199.2:118GRY/68.2:13.8 kV.

Table | summarizes the intermediate steps in calculating
[A] for this transformer. The full three-phase [A] is given in
ATPformat in Appendix A.

Figs. 10 and 11 show how the individual series, common
and delta coils are connected. EMTP simulations of the binary
short-circuit tests match with values reported in the factory test
report.
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Fig. 10. Autotransformer. Single-phase representation.
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IV. CONCLUSIONS

The N+1 leakage representation developed here includes
the leakage inductances between core and coils, which are not
considered in typicd EMTP implementations, such as
BCTRAN. The actual coils of the transformer are represented,
as opposed to a black box N-winding equivalent. Parameters
can be obtained from design information or from factory



[A] MATRIX CALCULATIONS

TABLEI

Short-circuit
Data Data Coail reactances reactances ASSUMIDHONS [A] matrix
(ratings) (short-circuit) [from (13)-(15)] [from (16)- P [from (23)-(24)]
(18)]
1= 13.3 (1/H)
&,=73.6 (UH)
Ve =\ ag3 = 1448.3 (UH)
- CORE— VD _
\\jL'Lv“: :13‘1‘: E\\j XpLpu = 0.0584 Xs=32.5475 W Xscpu=0.0562 | Xcore-s=(K+1)"Xcp + Xsc 2“4: _2567 2“(1]%;')
LLL™ X rpu = 0.1089 Xc=-0.9700 W X ppu= 0.2095 Xcore-c= (K+1)*Xcp 2T
Viar=138kV 00878 Xp=0.8359 W X c.ppu= 0.1393 X = K-X &3=18.9 (1/H)
Spese = 100 MVA HTpu ™+ b= GOpu— + Cf(RE;DO‘s o ayy=-21.9 (I/H)
- a3 = -134.3 (I/H)
4= 44.3 (UH)
3y, =-1672.3 (UH)
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Fig. 11. Autotransformer. Connections.
measurements. Implementation is intuitive and based on the ?1.6?;32 8-8
[A] matrix that is commonly used in EMTP programs. Results 2878. 40 0.0
of the model constructed and tested here match with factory =~ SNODEHBNODHBB 8- 8 8- 8
test reports. This leakage model can be used as the basis of 0.0 0.0
low- and mid-frequency topologically-correct transformer 0.0 0.0
; ; o 13. 2671 0.0
model;, WI'Fh repr@en_tatlons for the core, capacitive effects, 6NODEL BNCDLBB 0.0 00
and coil resistances built around it [4]. 0.0 0.0
0.0 0.0
0.0 0.0
V. APPENDIX -26. 804 0.0
_ 73.5928 0.0
A. [A] matrix parameters 7NCDETBNODTBB 0.0 0.0
o T 0.0 0.0
C[A] MATRI X [ A [R] 0.0 0.0
G e il 0.0 0.0
USE AR 18. 9946 0.0
$VI NTAGE, 1, -134.33 0.0
1NODEHANODHAA 13.2671 0.0 1448. 30 0.0
2NODELANCDLAA - 26. 805 0.0 8NODECBNCDCBB 0.0 0.0
73.5928 0.0 0.0 0.0
3NODETANCDTAA 18. 9946 0.0 0.0 0.0
-134.33 0.0 0.0 0.0
1448. 30 0.0 -21. 933 0.0
4ANCDECANCDCAA -21.933 0.0 44. 3135 0.0
-1672.3 0.0



2878. 40 0.0
9NODEHCNODHCC 0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0
13. 2671 0.0
10NODEL CNODLCC 0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0
- 26. 805 0.0
73.5928 0.0
11NODETCNODTCC 0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0
18. 9946 0.0
-134.33 0.0
1448. 30 0.0
12NODECCNODCCC 0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0
-21.933 0.0
44,3135 0.0
-1672.3 0.0
2878. 40 0.0
USE RL
$VI NTAGE, 0
B. Terminal and subscript definitions
Notation Definition
H High voltage terminal
L Low voltage terminal
T Tertiary voltage terminal
S Series coil
C Common coil
DorD Delta (tertiary) coil
CORE Fictitious coil on surface of core
L-L Line-to-line voltages

(1

(2

(3]
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